We model conducting pentagon chains with a multi orbital Hubbard model and prove that well below half filling exact ferromagnetic ground states appear. The rigorous method we use is based on the transformation of original hamiltonian into positive semidefinite form. This technique is independent of the spatial dimesion and does not require integrability of the model. The obtained ferromagnetism is connected to dispersionless bands but in a much broader sense than flat band ferromagnetism requires, where on every site a Hubbard term is present. In our case only a small percentage of, even randomly distributed, sites are only interacting.
widespan interest and a heightened research effort to develop plastic ferromagnets and more generally to understand ferromagnetism in systems made entirely of nonmanetic elements.
As a result several theories have emerged to describe ferromagnetism in these systems 2 ,
with particular focus on ferromagnetism due to dispersionless bands 3, 4 or periodic Anderson model 5 .
These theories however, are centered on two particle descriptions, on exact diagonalizations of small samples, or mean field type of approximations 6 , i.e., exploring weak interacting limits. This contrasts with the recent band structure calculations 7 , which revealed the fact that the on-site Coulomb repulsion magnitude in these systems is actually relatively high, and may even reach 10eV causing strong correlation effects. Thus, exploring possibilities for other techniques compatible with strong correlation effects is needed for describing the origin of ferromagnetism in these systems.
In this Letter we present the result of an exact calculation applied to a multiband Hubbard model, by which it can be shown rigorously that ferromagnetic ground state appears well below quarter filling. A similar method was used previously 8 in polythiophene type structures in the high doping limit, i.e., well over the half filled case. In the present case however, working well below half filling, our results are much broader than the flat band approach 3,4 because we obtain ferromagnetism with sparse and even random presence of the local Coulomb repulsion, i.e., a Hubbard term is not required on every site.
Our analytical approach proceeds in three steps: the transformation of the Hamiltonian into positive semidefinite form, the construction of the ground state and the proof of their uniqueness. The technique is independent of the spatial dimension and does not require integrability of the model. The method was previously applied to construct the exact ground states for the Hubbard chains with different geometrical structures 9 and even for two-10 and three-dimensional periodic Anderson model 11 . Details of the method are described in Ref. 12 .
Following through with these steps, we start with i) transformation of a Hamiltonian into positive semidefinite form. A positive semidefinite operatorP is defined as an operator which has only non-negative expectation values with all components |χ ∈ H of the Hilbert space H, i.e. χ|P |χ ≥ 0. However, any Hamiltonian,Ĥ, which describes a physical system is always bounded below and hence, can be written asĤ =P + C, whereP a positive semidefinite and C a scalar. It follows that the most general wave vector |Ψ g satisfying P |Ψ g = 0 is the ground state wave vector ofĤ with ground state energy E g = C.
To show how straightforward the method is, we exemplify it's application with the twodimenisonal Hubbard model, given by the well-known Hamiltonian:
on a square lattice with Bravais vectors x, y and periodic boundary conditions. Here we used standard notations, whereĉ † j,σ is the electron creation operator with spin projection σ, n j,σ =ĉ † j,σĉ j,σ is the number operator, t x and t y are the hopping matrix elements connecting nearest neighbour lattice sites in x and y directions, and U > 0 represents the strength of the on-site Coulomb repulsion.
Per definitionĤ U is a positive semidefinite operator, however the total Hamiltonian,Ĥ is not. Hence, we perform a transformation onĤ to obtain one. For this, to each square, with coordinates i, i + x, i + x + y, i + y, we attach two block operatorŝ
so as the starting Hamiltonian, Eq.(1), transforms intô
P =Ĥ AB +Ĥ U , C = −qN, with the number of electrons, N, fixed. The obtainedĤ AB is a positive semidefinite operator, and henceP =Ĥ AB +Ĥ U also. The only task left is to calculate the coefficients of the block operators,Â i,σ andB i,σ , for which the transformation into Eq.(3) gives:
This system of equations represents the matching conditions. Obtaining a solution for these matching conditions implies a solution for the Hubbard Hamiltonian. This is usually not an easy task, as these equations are coupled, complex algebraic non-linear equations, but it can be done in some restrictedĤ parameter space, e.g., see, Refs. 9-11 and even in disordered systems 13 .
Having a solution for the matching equations, we can easily go to the second step in our approach, namely ii) the construction of the ground state, i.e., |Ψ g . The solution will depend on the structure ofP , however the most common case is whenP operator contains terms of the form i,σÂ † i,σÂ i,σ , i,σB † i,σB i,σ . In these cases the ground state is constructed with the help of a block operatorĈ † j,σ which anticommutes withÂ i,σ andB i,σ , i.e.,
, for all possible values of all indices. Namely, if |χ = i,σĈ † i,σ |0 where |0 is the bare vacuum, thenĤ AB |χ = 0. In order however, to obtain the ground state |Ψ g of H we need |χ to control all positive semidefinite operators inP . In other words |χ has to be inserted in the kernel 14 of all positive semidefinite operators existing inP . This process is easily implemented by imposing some restrictions (i, σ) ∈ M on the validity domain of |χ , to be determined separately on model basis, after which the true ground state becomes
. The last step in our approach is iii) the proof of their uniqueness. For the most general case, when the ground state |Ψ g (m) is M fold degenerate (i.e. m = 1, 2, ..., M), the proof of the uniqueness is done in two steps. In the first step, we prove that for all possible m values |Ψ g (m) ∈ Ker(P ) is true. In the second step, we verify that any arbitrary wave vector |ν ∈ Ker(P ) can be expressed as a linear combination of the |Ψ g (m) terms, see Ref.
11,12,15 .
In the non-degenerate case the steps are the same, but applied only to the m = 1 ground state component.
In the following, we apply the above method to two cases of pentagon chains. With the above notations, the non-interacting part of the Hamiltonian
where N c represents the number of cells. There are 4N c lattice sites in the system and N electrons. Hence, the total Hamiltonian will be simplyĤ =Ĥ 0 +Ĥ U and using the technique previously detailed, see, Eqs. (2) -(4), the block operators are defined as:
While, the interacting part of the Hamiltonian isĤ
These operators span 16 a pentagon cell as depicted in the fourth cell of Fig.(1) . Using periodic boundary conditionsĤ 0 transfroms into:
We are interested to find the ground state solution well below quarter filling, hence we work in the condition N ≤ N c . For the solution of the matching conditions, for real hopping matrix elements and conditions t n > 0, ǫ ′ 1 − t n > 0 we obtained: 
where φ m , m = 1, 2, 3 are arbitrary phases. In Eqs. (7) the Hamiltonian parameters t, t ′ , t n , ǫ
These last two conditions provide the lowest flat band of the band structure.
SinceĤ 0 has the simple expression (6), we look for the ground state wave function in the form
where |0 is the bare vacuum, andB † i,σ i satisfies for all n = 1, 2, 3 the relation
where i, i ′ , σ, σ 
and the solution to (9) is:
Consequently, theB † i,σ operator becomeŝ
The (unnormalized) ground state wave function at 1/8 filling (e.g. N = N c ) becomes a saturated ferromagnet
where σ is fixed. Below 1/8 filling the block operatorB † i,σ is still given in Eq. (12), and the ground state will have the (8) form. But, a geometrical degeneracy occurs: only overlapinĝ B † i,σ operators will have the same spin index. Hence, the ground state will be composed from ferromagnetic clusters which if don't overlap, will have arbitrary spin orientations. We should also point out that Eq. (13) Fig. (2) . The cell now contains six sites and consequently, there will be six sublattices in the system. The cell defined at any site i, see, the first cell of Fig. (2) has six adjacent sites at i + r n , where now n = 1, 2, ..., 6, and r 3 = 0 by convention. For a fixed n, the sites i + r n are belonging to the n-th sublattice.
With the on-site potentials and hopping matrix elements defined on the second and third cell of Fig. (2) , the starting HamiltonianĤ =Ĥ 0 +Ĥ U becomes: Using the same approach as for the previously analysed case, we obtain for the block operatorB † i,σ :
while the interacting part of the Hamiltonian is nowĤ
The (unnormalized) ground state wave function at 1/12 filling (e.g. N = N c ) becomes a saturated ferromagnet
where σ is fixed. Below 1/12 filling the expression ofB † i,σ remains as given in Eq. (14), but in (15) Organic ferromagnets have attracted much attention as a challenging target. In particular, organic magnets consisting entirely of non-magnetic elements is of fundamental as well as practical interest. Ordinary ferromagnets consist of magnetic elements and even onedimensionals models which exhibit ferromagnetism exploit electrons in d or f orbitals. In the presence of strong interaction, for example such in the Kondo lattice case, the f electrons are responsible for ferromagnetism which, as it was shown in Refs. 17 using non-Abelian density matrix renormalization group 18 , order due to scattering with the conduction electrons.
Since hopping is energetically most favorable for conductions electrons which preserver their spins, called coherent hopping, this tends to align the localized f electron spins 17 .
But, in the cases analysed in this Letter only non-magnetic elements are present in the pentagon chain. We can rightfully ask the question how magnetism can arise in these systems? The answer to this question is that the Coulomb intercations are capable of turning itinerant system into a ferromagnetic phase in an extended parameter region. The magnetism arises as an effect of the electron-electron repulsion when the adjacent block operators which yield the ground state wave vector overlap and intuitively the spin has to align to lower the repulsion energy due to Pauli's principle.
Continuing the above agurment, due to the overlaping adjacent block operators, in our model we do not even need all sites to be interacting, it is enoguh to have merely one site to be intercating in each cell. To show this, let us consider first the pentagon chain wihtout Regarding the experimental observation of ferromagnetism, we have to point out that the required electron doping of the pentagon chains can be achieved 19 by changing the Fermi level by selecting appropriate side groups or by field-effect doping in a double-layer transisitor structure 20 . Indeed, depending on the applied doping levels pentagon polymers can be turned 21 into ferromagnets, spin glasses or simple paramagnetic polymers.
